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1. Introduction
An inequality by Bohr [1] (for which see also [5,p. 499]) states that if z and w are any complex
numbers and p, q > 1 are any positive numbers satisfying 1p + 1q = 1, then
|z + w|2  p|z|2 + q|w|2 (1.1)
with equality if and only if w = (p − 1)z. This inequality has many extensions and generalizations (see
all the Refs. [1–10] and their references). In [3] inequality (1.1)was generalized to the context of Hilbert
space operators. In this note we give an alternative proof to this result.
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Theorem 1 [3, Theorem 1, Corollary 1, Theorem 2]. LetH be a complex separable Hilbert space and
B(H) the algebra of all bounded linear operators onH. Let |X| = (X∗X)1/2 for any X ∈ B(C). Then for any
A,B ∈ B(H) and any p, q ∈ R with 1p + 1q = 1, the following hold. If 1 < p 2 then,
(i) |A − B|2 + |(1 − p)A − B|2  p|A|2 + q|B|2,
and
(ii) |A − B|2 + |A − (1 − q)B|2  p|A|2 + q|B|2,
and in both (i) and (ii), equality holds if and only if p = q = 2 or (1 − p)A = B.
If p 2 then
(iii) |A − B|2 + |(1 − p)A − B|2  p|A|2 + q|B|2,
and
(iv) |A − B|2 + |A − (1 − q)B|2  p|A|2 + q|B|2,
and in both (iii) and (iv), equality holds if and only if (1 − p)A = B.
If p < 1, then
(v) |A − B|2 + |(1 − p)A − B|2  p|A|2 + q|B|2,
and
(vi) |A − B|2 + |A − (1 − q)B|2  p|A|2 + q|B|2,
and in both (v) and (vi), equality holds if and only if (1 − p)A = B.
WhenH = C and B(H) = C, this theorem says the following.
Corollary 1 [3, Theorem 1, Corollary 1, Theorem 2]. For any A,B ∈ C and any p, q ∈ R with 1p + 1q = 1,
statements (i) to (vi) hold. Furthermore, if p > 1, then
(vii)
|A − B|2  p|A|2 + q|B|2
with equality if and only if (1 − p)A = B, which is exactly the classical Bohr inequality (1.1).
In this note we give an alternative proof of the theorem and an extension of Corollary 1.
2. Bohr’s inequalities for operators
The following is an alternative proof of the theorem. From this proof we get also an extension
of Corollary 1. Note that in our proof we use A B in the sense that A and B are selfadjoint and
(Ah,h) (Bh,h) for all h ∈H. Also, the following proof gives the results for elements of an arbitrary
algebrawith an involution. Actually the only axiomof an involutionweneed is (αA + βB)∗ = α¯A∗ + βB∗.
In this context, |A|2 = A∗A and the inequality A B means that there is a C such that B − A = C∗C.
It is easy to see that the identity
|A|2 − |D|2 = A∗A − D∗D = D∗(A − D) + (A∗ − D∗)D + (A∗ − D∗)(A − D) (2.1)
holds for arbitrary A,D ∈ B(H). We will show that (2.1) leads to
α|A|2 + (1 − α)|B|2 − |αA + (1 − α)B|2 = α(1 − α)|A − B|2 (2.2)
for real α.
Indeed, let α be a real number. Then from the identity (2.1) we get
α|A|2 + (1 − α)|B|2 − |D|2
= α(|A|2 − |D|2) + (1 − α)(|B|2 − |D|2)
= αD∗(A − D) + α(A∗ − D∗)D + (1 − α)D∗(B − D) + (1 − α)(B∗ − D∗)D
+ α(A∗ − D∗)(A − D) + (1 − α)(B∗ − D∗)(B − D). (2.3)
Let D = αA + (1 − α)B and D∗ = αA∗ + (1 − α)B∗. Because
A − (αA + (1 − α)B) = (1 − α)(A − B)
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and
B − (αA + (1 − α)B) = α(B − A),
it follows from (2.3) that
α|A|2 + (1 − α)|B|2 − |αA + (1 − α)B|2
= α(αA∗ + (1 − α)B∗)(1 − α)(A − B) + α(1 − α)(A∗ − B∗)(αA + (1 − α)B)
+ (1 − α)(αA∗ + (1 − α)B∗)α(B − A) + (1 − α)α(B∗ − A∗)(αA + (1 − α)B)
+ α(1 − α)(A∗ − B∗)(1 − α)(A − B) + (1 − α)α(B∗ − A∗)α(B − A). (2.4)
The sum of the ﬁrst and the third terms on the right side of equality (2.4) is zero, and the sum of
the second and the fourth terms is zero, too. Hence
α|A|2 + (1 − α)|B|2 − |αA + (1 − α)B|2
= α(1 − α)2|A − B|2 + α2(1 − α)|A − B|2
= α(1 − α)(1 − α + α)|A − B|2 = α(1 − α)|A − B|2,
which is (2.2).
As (2.2) holds, we get by the substitution α = 1q , 1 − α = 1p ,α /= 0, 1 the equality
1
q
|A|2 + 1
p
|B|2 = 1
pq
|A − B|2 +
∣
∣
∣
∣
1
q
A + 1
p
B
∣
∣
∣
∣
2
= 1
pq
|A − B|2 + |pA + qB|
2
(pq)2
,
which is
p|A|2 + q|B|2 = |A − B|2 + |pA + qB|
2
pq
. (2.5)
From (2.5), we have
p|A|2 + q|B|2 = |A − B|2 + |q
p
qA + qB|2
pq
,
which leads to
p|A|2 + q|B|2 = |A − B|2 + q
2| pqA + B|2
pq
.
Therefore, using that pq = p − 1, for every p, q that satisfy 1p + 1q = 1(p, q /= 0, 1) we obtain that
p|A|2 + q|B|2 = |A − B|2 + 1
p − 1 |(p − 1)A + B|
2 (2.6)
and similarly,
p|A|2 + q|B|2 = |A − B|2 + 1
q − 1 |A + (q − 1)B|
2. (2.7)
From (2.6) and (2.7) we derive that in case 1 < p 2 (which means that q 2)
p|A|2 + q|B|2  |A − B|2 + |(1 − p)A − B|2, (2.8)
p|A|2 + q|B|2  |A − B|2 + |A − (1 − q)B|2. (2.9)
Equality holds for either p = q = 2 or (1 − p)A = B (which means that A = (1 − q)B). These last two
inequalities are (i) and (ii) in the theorem. In case p 2, which means that 1 q 2, we obtain
inequalities analogous to (2.8) and (2.9) from (2.6) and (2.7):
p|A|2 + q|B|2  |A − B|2 + |(1 − p)A − B|2,
p|A|2 + q|B|2  |A − B|2 + |A − (1 − q)B|2,
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which are (iii) and (iv) in the theorem. In case p < 1 and therefore q < 1 and pq < 0 too, we deduce
from (2.6) and (2.7) that
p|A|2 + q|B|2  |A − B|2  |A − B|2 + |(p − 1)A − B|2,
p|A|2 + q|B|2 = |A − B|2 + 1
q − 1 |A − (1 − q)B|
2  |A − B|2 + |A − (1 − q)B|2
which are (v) and (vi) in the theorem.
As (2.5) holds for all p and q satisfying 1p + 1q = 1 we obtain the following extension of the theorem
and Bohr’s inequality.
Corollary 2. If p and q are real numbers satisfying 1p + 1q = 1 then
|A − B|2  p|A|2 + q|B|2
for pq > 0 with equality if and only if (1 − p)A = B, and
|A − B|2  p|A|2 + q|B|2
for pq < 0, with equality if and only if (1 − p)A = B.
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